Collisionless cold matter in a Hubble flow occupies a 3D sheet in 6D phase space. Perturbations distort the sheet and nonlinear collapse leads to wraps and contortions, leaving the sheet intact with its original local phase density. Fold catastrophes in the projection of this sheet onto the plane of the sky produce line singularities in surface density which can lead to observable gravitational lensing. The universal properties (image positions, magnifications, convergence and shear) of the lensing for a small source near a projected fold are calculated here up to a single scaling parameter for an isolated fold and two parameters for a fold with a smooth background. Estimates are made of scales and lensing probabilities expected for folds in particle dark matter halos producing stellar microlensing events and quasar millilensing events.
Introduction
Gravitational lensing serves as a probe of dark matter on a wide variety of scales (e.g., Narayan & Bartlemann 1996) . Macrolensing of quasars by galaxies and halos, or of galaxies by clusters, allows estimates of the total mass and density profile of the lens systems. At the opposite extreme, statistics of microlensing of stars in our galaxy and the LMC by stars and dark halo MACHOs (Paczynski 1986 , 1996 , Alcock et al. 1997 ) allow estimates of the individual lens masses, their kinematics, and their contribution to the total dynamical mass of the Galaxy.
Here I explore a new context for lensing: the line singularities in surface density projected by phase wrapping of collisionless dark matter. These projected singularities represent unavoidable imperfections even in nearly smooth, violently relaxed halo lenses. They approximate universal catastrophes, leading to a new family of gravitational lensing events. They can lead to effects not usually associated with particle dark matter, including distinctive time-varying microlens events and small scale image structure. They are relatively rare but not exceptionally so, and may provide a realistic observational probe of the innermost scale of dark matter phase space.
Fold Catastrophes in Column Density
Consider collisionless dark matter beginning as a cold Hubble flow. Because of the constraint v = H x, the particle distribution function is supported by a sheet in phase space which occupies only three of the six dimensions. A small velocity dispersion δv adds some small thickness to the sheet. We consider the effect of perturbations with a low-pass spatial filter, so that the medium is smooth below some coherence scale ℓ min . The sheet thickness and the smoothing scale both depend on the kind of dark matter-hot, warm, or various degrees of "cold"-but a large ratio between the two, the critical requirement for identifiable folds, occurs naturally because particle free streaming damps small scale perturbations early on and the small amplitude of cosmological perturbations guarantees substantial adiabatic cooling on this scale before the first nonlinear collapse. The thinness of the phase sheet at collapse is characterised by the dimensionless ratio δv/Hℓ min which is less than about 10 −4.5 even for "hot" dark matter. When nonlinear structures form, the 3D phase sheet wraps up on the scale ℓ min but remains microscopically cold. Because it is a collisionless system, the local phase density of particles within the sheet remains the same.
Consider the projection of a small region (< ℓ min ) of the 3D phase sheet onto the plane of the sky. We adopt Cartesian axes x, y on the plane of the sky and their corresponding velocities v x , v y . We are interested in computing the surface density of material Σ(x, y) and since radial motion and position do not affect surface density, we simply integrate over the line-of-sight z, v z direction. The particles then occupy a thin 2D sheet in the 4D space, x, v x , y, v y . The surface density is given by the projection of this sheet onto x, y. When a fold occurs in this mapping as a result of nonlinear collapse, it leads to a line singularity in Σ(x, y): a "fold catastrophe" (Arnold 1984) . (We neglect the rarer, isolated cusp and other catastrophes which occur at the ends or intersections of folds). The fold singularities correspond to the places where the particles are turning around in the plane of the sky in a frame moving with the sheet.
In a small region we can choose the y axis to be parallel to and at the location of the projection of the fold. Near the fold we neglect the slow dependence of Σ on y and section the sheet in the x, v x plane, choosing a frame where the fold appears as a curve tangent to the v x axis at v x = x = 0. The surface density is the mass of the constant-phase-density sheet projected onto the xy plane, Σ(x) ∝ 1 + (∂v x /∂x) 2 , which diverges at the fold. Close to the fold there is a universal density profile Σ(x) ∝ ∂v x /∂x ∝ x −1/2 on one side (x > 0), determined simply by the fact that the fold in lowest order always approximates a parabola x ∝ v 2 x in the neighborhood of the singularity. On the other side (x < 0) the projection of this part of the sheet vanishes since it is folded back over itself in x.
The singularities can thus be seen as very general features, derived just from the projection of a folding sheet onto the plane of the sky. Fold caustics have appeared in many closely related contexts, all essentially derived from singularities in a distorted mapping. Even smooth lenses have optical caustics, created by folds in the mapping of the image plane onto the source plane (Blandford and Narayan 1986, Narayan & Bartlemann 1996) . Dark matter forms spatial density caustics; these can be seen in the Zeldovich "pancakes" (Zeldovich 1970) as well as sheets in nonlinear spherical similarity solutions (Fillmore & Goldreich 1984 , Bertschinger 1985 and under less symmetry, caustic rings (Sikivie 1998). Phase space sheets must be accounted for in direct-detection searches for dark matter such as axions where the precise particle velocities are measured; in general such an experiment at a single point in the halo reveals a discrete set of energies corresponding to the phase sheet passages there (Sikivie, Tkachev & Wang 1997) . The folds considered here closely resemble those actually observed as stellar shells around elliptical galaxies (Malin & Carter 1983 , Quinn 1984 , Seitzer & Schweizer 1990 , Hernquist & Spergel 1992 , interpreted as phase wraps left over from galaxy merger events.
Gravitational Lensing of a Small Source by a Folded Phase Sheet
In the thin-screen approximation, the gravitational lensing of a mass distribution depends only on the projected surface density. Consider a catastrophe from the projection of an isolated folded phase sheet. In the plane of the sky the fold occurs on the y axis at x = 0. The surface density profile is
Aside from one scaling parameter, this profile is universal for the projection near an isolated fold. We have used the scaling freedom to set Σ = Σ c at x = 1.
To compute the lensing of this system we follow the notation and formalism of Blandford and Narayan (1986) , defining a two-dimensional relativistic potential ψ which obeys a two-dimensional Poisson equation,
where the subscript I denotes the direction in the image plane. The critical surface density
of the angular diameter distances to the lens D d and the source D s , and between them D ds ; at this density a uniform sheet of matter would just focus radiation from the source at the observer. Because of the translational symmetry along y, the two-dimensional Poisson equation for the fold lens reduces to one dimension,
The positions of the images are determined by the lens equation
where x s is the direction of the source. Again by symmetry, y I = y s for all images. For the isolated fold,
The solution yields the mapping between source and image positions,
Multiple images are produced for x S in the vicinity of the fold, −4 < x S < 0.
The image distortions and magnifications are determined by the extrinsic curvature tensor
where the principal axes for lensing are the same as those set by the fold, θ 1 = x and θ 2 = y.
Here κ = 1 − (Σ/Σ c ) denotes the expansion, and µ denotes the shear associated with image distortion. By symmetry in this situation, the yy term of K is unity, determining a particular relation between expansion and shear: κ − µ = 1, and hence µ = −(Σ/Σ c ). The magnification of an image is given by M = |κ 2 − µ 2 | −1 and hence
These observables can be expressed in terms of the source position on the sky. Consider images formed as a source approaches the fold from x S < 0 (the "left" side). Far from the fold there is a single image (1) of unit magnification at x I = x S . When x S = −4, a pair of bright (formally infinitely magnified) images (2 and 3) appears suddenly to the right of the fold at x I = 4. These two images move left and right respectively and both fade as x S increases. Image 1 disppears behind the fold when x S = x I = 0, merging with image 2 as its magnification vanishes, and x I = 16 and M = 2 for the third image. After this we have only image 3 whose magnification eventually returns to the asymptotic value of unity. The magnifications of the two images at x I > 0 are
The image brightnesses vary as x S changes with time due to relative motion of fold, source and observer; if they are unresolved the magnification is the sum of the magnifications. The inversion of (9) translates to a magnification probability, scaling for large M (near
Under more typical circumstances the fold is part of a larger halo so we consider the case where the profile is superimposed on a uniform background density Σ 0 , representing other distant parts of the phase sheet that happen to lie over the fold in projection. The isolated fold has one parameter, the angular scale. By adding a background density, we add another parameter, the density of the background. We adopt the same scale as above for the fold itself and add the additional surface density scaled by σ 0 ≡ (Σ 0 /Σ c ):
which again is independent of y. The image positions are now given by
In the case where 2σ 0 < 1, the solution qualitatively resembles the isolated case. Multiple images are again produced for x S in the vicinity of the fold; in this case, the three-image region corresponds to −4(1 − 2σ 0 ) −1 < x S < 0. The various lensing observables can as before be expressed in terms of the source or image positions on the sky, for example the magnifications of the images at x I > 0 are
These formulae describe a universal family of solutions characterized by two parameters. Depending on the situation, the phenomenon may be manifested by the predicted relations between shear and expansion (if the images are resolved), by the image positions and relative magnifications (if the image positions are resolved), or by the light curve of the summed magnifications (if the source is moving but all the images are unresolved). They are quite distinct from the family of solutions for lensing by a point mass (Paczynski 1986 )-for example, three images always form, on a line perpendicular to the projected fold; the light curves caused by folds against a subcritical background always include formally infinite magnification of a point source, as well as discontinuities as images appear and disappear; and the light curves lack time symmetry (t → −t). Unlike the caustic events from binary point-mass lenses, folds produce only one magnification peak.
Observable Effects of Folds
We now make some rough estimates of the scales of folds in cosmic dark matter and their lensing of finite sources, reducing the complex structure of real halo phase space to a few scaling parameters. Detailed predictions for fold lensing present a considerable challenge to dynamical theory (and by the same token a particularly sensitive diagnostic of dark matter and structural history); here we aim only to show that the phenomenon may be observable.
Consider a halo of angular size ℓ, a mean surface densityΣ, with N folds on scale ℓ. As a very rough estimate, N is of the order of the number of orbits since the halo formed. The surface density can be thought of as a superposition of N folds, each of length ℓ and with a density profile in the vicinity of each fold,
where δx i is the separation from each fold i. We get strong lensing by a fold (Σ i ≈ Σ c ) if a source lies within a strip in the source plane of width x strong ≈ (ℓ/N 2 )(Σ/Σ c ) 2 , which also gives the scale of the larger image separation. For high magnification, the proximity to the critical infinite-magnification line is δx S (M ) ≈ M −2 x strong , with the two highly magnified images separated by δx I ≈ M −1 x strong . Summing the solid angle in the N strips, the fraction of the source plane within δx S of some critical curve gives the magnification probability
The time a source takes to transit at magnification M , with a transverse velocity v, is
where
The maximum magnification occurs when δx S ≈ x * , the size of the source,
, and the minimum timescale is t min = t(M max ). Thus for a typical halo lens with D s ℓ =30 kpc and t ℓ = 10 8 y, for stellar sources of size S 11 10 11 cm we have
The number of new events per time if one monitors N * sources is
independent of M , as one expects since a single source traverses all magnifications N times in the time t ℓ it takes to cross the system. This result is independent ofΣ, as is the number of active events of timescale t, about N * P (M (t)) ≈ N * N (t/t ℓ ).
Real dark matter phase space includes fossil substructure of halos within halos from hierarchical formation, accretion and mergers (Ghigna et al. 1998) . Wrapping in a hierarchy also takes place on multiple scales so the folds in projection form a kind of fractal of folds within folds and sublumps, which is probed by lensing. The innermost scale of the wraps preserves information on the original velocity dispersion of the dark matter on the smallest scale of the original perturbations undergoing the first nonlinear collapse. The folds are smeared in the image plane by an amount δx smear ≈ N ℓδv/v vir where δv is the width of the dark matter velocity distribution prior to collapse and v vir ≈ Hℓ min is the virial velocity of the halo. Strong lensing by folds occurs only if δx smear < x strong , requiring N < (δv/v vir ) −1/3 (Σ/Σ c ) 2/3 . Thus very cold dark matter preserves many small-scale folds which can be observed as time-resolved events, warm and hot dark matter preserve only a few large scale folds best observed through image structure, and models with primordial isocurvature fluctuations (which cause early collapse and hence large N ) can lead to no detectable folds at all.
Measuring time resolved events would require a major new experiment. For the MACHO experiment in our own halo,Σ is so small (≈ 10 −6 Σ c ) that even stellar sources would not achieve an observable magnification. However, a similar experiment with largerΣ may be possible-say, monitoring N * ≈ 10 8 stars in a galaxy behind a typical foreground halo (N ≈ 10 2 ) with D ≈30 Mpc (Σ ≈ 10 −3 ), which would yield about 100 events per year with a maximum M ≈ 10, falling on lines tracing out the paths of the folds.
Larger scale, relatively young folds within identified quasar macrolenses (Kochanek et al. 1998) offer promising targets for resolving fold images, both because these systems are carefully studied and because the sample is biased to highΣ ≈ Σ c . Fold lensing leads to significant changes in brightness from a smooth halo model (Mao & Schneider 1998) , and resolved images can distinguish folds from stellar microlensing or halo substructure at high magnifications M . For wraps in galaxy halos, N ≈ 10 2 so a fraction ≈ 10 −2 M −2 of macrolensed quasar images should have millilensed images from folds on angular scale (≈ 10 −4 M −1 arc sec) potentially resolvable with VLBA or SIM. For cluster lenses (N ≈ 10, ℓ ≈ arc minutes), fold lensing should occur in a fraction ≈ 10 −1 M −2 of background galaxies with image splitting on a scale ≈ M −1 arc sec. With large samples of lensed QSOs and galaxies, a statistical test appears feasible.
I am grateful to C. Stubbs for useful comments. This work was supported by NASA at the University of Washington. (1)). Second panel: On the same scale, the mapping between source position x S and image position x I (Equation (6)). For −4 < x S < 0, a source produces three images. Third panel: Magnification of each image as a function of image position (Equation (9)). Bottom Panel: Magnification of the three images as a function of x S . If unresolved, the sum of these gives the total magnification. Note the time asymmetry and the two discontinuities in total magnification.
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